In a QCD-like string model based on D6 flavor branes in the presence of D4 color branes wrapping one of the compactified dimension on an S 1 , the shape of meson strings in the five dimensional curved space as well as the potential between quark and anti-quark are investigated. The flavor branes on which both ends of a meson string live are assumed to be separated in this five dimensional space, depending on the values of the constituent quark masses. It is shown in this picture that the meson string with different flavors on both ends changes its shape at a critical distance. There is, however, no critical distance for the meson with the same flavors. At this critical distance the potential between quark and anti-quark with different flavors gives a point of reflection and changes its shape around this point. Accordingly, the attractive force between quark and anti-quark seems to become stronger when the distance of flavor branes connecting meson strings becomes larger. This indicates quark systems with different flavors can form high-density states.
Introduction
The origin of family is one of the most important subjects of particle physics. It is well known that quarks and leptons appear as three repetitive families, each of which forms a multiplet of the strong, weak and electromagnetic gauge symmetries.
The coupling constants of these gauge interactions are uniquely determined by the symmetry principle irrespective of flavors. On the other hand, flavor interaction determined by the Yukawa coupling to Higgs fields is totally mysterious; their coupling strength shows hierarchical structure depending on the flavor of matter fields. A lot of proposals for the origin of flavor have been made: It may originate from some family quantum number, Abelian or no-Abelian, by imposing a horizontal symmetry. However, such hierarchical structure would not be derived from these symmetries. One of the attractive ideas may be to extend our 4-dimensional space to a higher dimensional space, and to attribute the origin of flavor to the structure of the extra dimesional space. If we can grasp some hints from such an idea with extra dimensional space-time, we can make an important step towards the understanding of flavor.
In the previous paper [1, 2] , we have studied QCD strings based on the picture that a quark is identified as a colored flavored string, one end of which has a color (color end) and the other end of which has a flavor (flavor end). Therefore, the string of a free quark emerges from a point on a color brane and terminates at a point on a flavor brane. Furthermore, apart from the stack of color branes, the flavor branes are, considered to be located separated flavor by flavor in the direction of the extra dimension. Hereafter we denote the coordinate of this extra dimension by u. A meson consists of two strings from quark and anti-quark, but they are joined to form a single meson string, since color ends of two strings can be annhilated and only flavor ends appear on individual flavor branes. Similarly a baryon consists of three strings, where flavor ends of three strings are located on individual flavor branes, while color ends of three strings, if the colors are red, green and blue, may annhilate to form a junction. In this way we have studied the exotic hadron of pentaquarks in our previous paper [1, 2] . In such a picture, the hierarchical structure of the masses of quarks can be nicely explained by taking proper allocations of flavor branes in the curved space. In addition to this the existence of a horizon-like singularity coming from the stack of N c color branes can explain the non-perturbative linear potential bertween quark and anti-quark.
In this paper we study the shape of meson strings in the five dimensional curved space and calculate the potential between quark and anti-quark in detail.
Leaving the details to the paper [1] , we quickly explain the picture of flavor branes living in the space extended to extra dimensions. We adopt here a realistic QCDlike model in string theory by Witten and others [4, 5, 6, 7] . In this model all the supersymmetries are broken by the compactification of one extra-dimension on an S 1 which is wrapped by D4 color branes. In the model the gauge theory
is represented by open strings, while the gravity theory is represented by closed strings. Since both theories are dually related, we can replace the non-perturbative QCD by the corresponding classical gravity theory. The original space of the gravity theory is flat. However, once heavy sheets of N c color (D 4 ) branes are placed perpendicular to the extra dimension of u, it is deformed in the extra dimension. Since each end point of a meson string lives on a flavor brane, meson strings show different shapes according to the variety of flavor of quarks on both ends. Let us simplify the ten dimensional space-time of string theory to the 5-dimensional space-time, including only the extra coordinate u in addition to the usual Minkowski space, (t, z, x ⊥ ). The world volumes of the stack of N c color branes and the separately allocated flavor branes extend along the Minkowski space but stand perpendicular to the u direction. This curved space can be expressed as,
with the functions, f (u) and g(u). In the realistic QCD-like model, they are [4, 5, 6, 7] 
with R ′ and U KK given by
where (2πα ′ ) −1 is the string tension of the starting Lagrangian, being O(M 2 Planck ), and α c is the QCD (with N c colors) coupling. The warp factor f (u) is a monotonically increasing function of u * . In the following we write α ′ (of order of Planck * For reference, we give also the metric of the proto-type model of Mardacena [3] , possessing N = 4 supersymmetries.
length squared) dependence explicitly which has been abbreviated in the previous paper [1] . In such a deformed space including one extra dimension u, there exist "flavor branes" to which the endpoints of hadron strings are placed, while quarks are expressed as open strings having one end point on the flavor brane and the other end point on the "color brane". The shape of a hadron string takes a most economical path in this curved space. It is like a catenary line under the influence of gravity on the earth. In our case, the gravity is along the u-direction, and the nature of it is different from that on the earth. We here concentrate our attention to the meson string with different flavors on both ends and calculate their shapes and the potentials between quark and anti-quark, especailly with different flavors.
QCD Strings in Curved Space
First, we make a brief survey of the formulae needed in this paper [1] . The string action in the background curved space is expressed as,
with the notations,˙and ′ , being the derivatives with respect to τ and σ, and If one fixes the parameterization of the world sheet, choosing σ = z and τ = t, and take the static limit,Ẋ M = 0 (M = 0), the string action (6) in the time interval ∆t reads
with the "Lagrangian"
with the radius R of AdS 5 space given by
In this case f (u) is also an increasing function of u.
By regarding z as "time", the following equation of motion is derived,
with the three conserved quantities,
The shape of string u(z) is determined by Eq. (9), once we fix the boundary conditions, and the coordinates of end point of string are denoted by (U 1 , Z 1 ) and (U 2 , Z 2 ).
The "action", during the change of u from U 1 to U 2 , is given by,
and thus the energy stored inside a string is,
We can also estimate the change of z from U 1 to U 2 as
. (13) with the string shape determined by Eq. (9) . Note that this general formulation is also applicable to the more complicated web-like exotic hadrons and string systems.
Meson String
Now let us consider a meson string representing a bound state of (q 1q2 ). This is a string connecting the flavor brane at (u = U 1 , z = Z 1 ) of quark q 1 and the flavor brane at (u = U 2 , z = Z 2 ) of anti-quarkq 2 . We take z as the direction of the string being streched. In our picture quarks are not point particles, but also strings. However, it is acceptable to consider that point particles q 1 andq 2 are placed on the flavor branes at u = U 1 and u = U 2 , respectively, and the gluonic QCD string connect them. Then, our meson string can be understood as the whole system consisting of the quark and the anti-quark and the gluonic QCD string conecting them. Then, the distance r = Z 2 − Z 1 can be said as the distance between the point quark q 1 and the anti-quarkq 2 in the ordinary Minkowski space.
One can take x ⊥ = 0 for mesons, and so the string connecting the quark q 1 and the anti-quarkq 2 appears on the (z, u)-plane. Then, the equation of motion becomes the following simple form;
with
Here we fix the constant value (−H) at the point In order to find a string profile, it is convenient to notice that the solution of Eq. (9) is symmetric under the exchange z → −z, so that if we find a solution (z, u = u(z)), then (−z, u = u(z)) is also a solution. Therefore, we have only to solve the equation for 0 ≤ z. In the equation (14), u ′ ≥ 0, so if we start to solve the solution from the point (z = 0, U 0 ), u(z) increases monotonically in the positive z direction (0 ≤ z ≤ Z 2 ). We have to prepare two such solutions with 0 ≤ z ≤ Z 1 and 0 ≤ z ≤ Z 2 . In the case of having a stationary point on a meson string, we have a solution of a string profile by connecting at z = 0 the above two solutions, the solution with 0 ≤ z ≤ Z 2 and the reversed solution of 0 ≤ z ≤ Z 1 with respect to the u-axis (by exchanging z → −z). In the other case of having the stationary point outside the meson string, the profile of the meson string is the U 1 ≤ u ≤ U 2 part of the solution of 0 ≤ z ≤ Z 2 , where we have assumed
The former string is the combinatiion of the string from (−|Z 1 |, −|U 1 |) to (0, U 0 ) and the one from (0, U 0 ) to (Z 2 , U 2 ). On the other hand in the latter case, the string can be expressed as the string connecting the points, (0, U 0 ) and (Z 2 , U 2 ) by substructing the string (0, U 0 ) to (Z 1 , U 1 ). Here the minimum value U 0 is determined as a function of their separation parameter r = Z 2 − Z 1 via Eq. (13). 
and the energy can be written from (12) as,
In the above expressions, we take the signature + in the first case of U 1 ≤ 0 ≤ U 2 , and − in the second case of 0
The string shape is determined in such a manner as to minimize this energy for a given separation r between a quark and an anti-quark. A typical shape of a string for the case of relatively large separation r is depicted in Fig. 1 where the end points of string terminate on the first brane and the second brane at (Z 1 , U 1 ) and (Z 2 , U 2 ), respectively.
In the large separation limit r → ∞, therefore, the string departing from the quark at u = U 1 quickly goes down vertically to the lowest possible value, u = U 0 ≈ U KK , then moves horizontally from Z 1 to Z 2 , nearly maintaining the relation u ≈ U KK , and then it goes up to the anti-quark point at u = U 2 . This means that the basic shape of meson string at large separation is rectangular.
In order to understand this basic rectangular shape of meson string the following expression of energy is useful:
The rectangular shape consists of two parts, the vertical and the horizontal parts.
Using the above expression of energy we find
where
Since f (u) is an increasing function of u, f (u) becomes smallest at u = U KK .
Here, the region of u is restricted to u ≥ U KK due to existence of the horizonlike singularity at u = U KK . Therefore, the horizontal part having u as small as possible near u = U KK is energetically favored. Let us define the quark mass (the constituent quark mass) m i as the vertical part of the string energy in the limit of large separation, namely the energy of the string stretching along the vertical line from the quark at U i on the i-th flavor brane to the horizon-like brane at u = U KK .
Then, the remaining energy obtained after subtracting the quark masses may be understood as the potential energy V (r) between quark and anti-quark,
In the large separation limit, the basic rectangular shape appears, and its horizontal part gives a typical potential energy
Therefore, in the large separation limit, QCD-like string model gives the linear potential ∝ r with the coefficient † ,
Parameters of QCD Meson String
Now let us determine the parameters appearing in the QCD-like string model from the informations of QCD strings or hadron phenomena.
We denote the tension of QCD strings as α ′ QCD ‡ . Then, we have,
The derivation of this is the following. If we rotate the QCD string relativistically and estimate classically its energy (or its mass M) and its angular momentum J, then we have the relation coming from the so-called Regge trajectory,
We fix α 
which is identified to
in our model. Using the expression f (u) in Eq. (2), we have
where R ′ and U KK are given in terms of M KK as
(31) † Note that in the Maldacena's prototype model [3] , there is no horizon-like singularity so that f (U MIN ) = f (0) = 0. Therefore in this case the linear potential does not appear and the potential becomes Coulomb-like, which reflects the conformal symmetry at large distance.
‡ The parameter α ′ QCD in the meson potential is the tension of QCD strings, and is different from the tension α ′ appeared in our original action. The latter is the order of Planck length squared.
Therfore, we have the following expression of k in terms of M KK :
We should remark here that in the above equation the parameter α ′ , the string tension of the order of Planck scale in the original Lagrangian, disappear so that k and M KK are the parameters of QCD scale. By taking (α C N C ) ∼ 1, we obtain
For our convenience we express the parameters in the integration appeared in the above in terms of non-dimensional variables. The masses of a quark of Eq. (22) can be rewritten as,
with a non-dimensional parameter, v = u U KK . While the expression of energy of a string in Eq. (17) can be expressed as,
with their length r, being expressed as
where 
Numerical Study of Meson Strings Profile
Having fixed the parameters in our QCD model, we next study how the shape of meson string is deformed when the separation distance, r, becomes smaller.
Let us consider a meson consisting of a light quark and a heavier anti-quark, which are located on the lower and higher branes, respectively. Here "higher and lower" means "larger and smaller" of the values of u. When the distance r betweena quark and an anti-quark becomes smaller enough, the energetically favored shape is in such a way that the string starting from the lighter quark goes up directly to the heavier quark on the higher position, without taking the standard shape of going down to a stationary point and going up to the heavier quark. In this way we can draw a rough sketch on how the shape of meson strings change depending on the separation distance r. Now we calculate numerically the shape of meson strings, starting from q i of the i-th brane and stretching to q j on the j-th brane, by solving Eq. (14) . First, in Fig. 2 , we show the shape of (ud) string in the (z,ū) plane, wherē The shape changes according to the change of the separation distance r as was expected. If r is very large, we see that the string almost approaches to the minimal point U KK . This is a typical shape of a meson string. On the other hand in the small separation limit it shrinks into zero-length with total energy tending to zero ¶ . Next, in the case of (us) string, the string shape is quite different from the (ud) string. The calculated result of the string profile in the (z, u) plane is shown in Fig. 3 . At large separation the string takes almost the same shape as the one of (ud) string. However, if r becomes smaller than the critical length r c (us) = 1.864 GeV −1 , it directly connects the two branes without passing through the region of u ≤ U 1 . This tendency becomes more prominent in the shape of ub string as depicted in Fig. 4 . In this case the critical length, r c (ub) = 2.884 GeV −1 . In order to get physical meaning of our results, we shall ¶ We will come back later on this short dintance behavior. 
Potential Between a Quark and an Antiquark
The string potential at a finite distance r = Z 2 − Z 1 is defined as,
We have seen that the critical length r c becomes larger for strings connecting u quark of the first brane to the heavier anti-quark. Table 2 is the list of the critical lengths for various mesons. The existence of this critical length is a characteristic feature of the string connecting different flavors, and it is also very important to determine the quantitative feature of the interaction between quark and anti-quark. When we draw the picture of the potential V = V (r) between u-quark and q i -quark as a function of r, we need to connect the short distant part of r ≤ r c and the long distant part of r ≥ r c . Thus, we can study the behavior of the potential, dividing the region of the distance r into three regions, 1. Region 1 : Long Distance Region, r >> r c : From Eq. (5) it is easily seen that the potential converges into a single straght line, V (r). Namely, for the large separation case (region 1) the potential is universal and is almost independent on their flavors;
Here we have an almost r independent constant term C, which comes from the difference between the real string energy and the one calculated by an approximate rectangulare string; It is noted that in our string theory, even if it is called QCD-like, we can not precisely take into account of the short distance effects, as a result, perturbative QCD effects coming from one gluon exchange would contribute as an additional effects. The dual gravity theory which we study here is strong in explaining long distance non-perturbative effects of QCD, but it is weak for short distance perturbative effects of QCD. To implement the latter effects in the present framework, we have to estimate the higher order effects. Here we take a more handy way to include such perturbative effect by taking account of the perturbative QCD results directly, since QCD is strong for the short distance region. The first order perturbative QCD potential is a sort of Coulomb potential, which is known to be expressed as [9, 10] ,
which is still independent of their flavor.
Therefore, the potential between quark and anti-quark which is applicable to short distance region as well as long distance region, may be the sum of the classical potential of QCD-like string theory V (r) which we have studied in this paper and the one gluon exchange potential V perturbative QCD of QCD. We will call their sum as "improved potential";
By including such perturbative effects of QCD, the short distance behavior of the potential may be improved to some extent. Fig. 6 is the calculated result for the improved potentials with different flavors. .
Although the behavior of the potential converges to a common value −2m 1 in the limit of r = 0 (region 3), and also it converges to a single linear potential line in the large separation limit (region 1), the potential does show different shape depending on the flavors around the critical length, r c (region 2). It is interesting to recognize that the potential betweeni at relatively small distance becomes more attractive for the case ofq i with larger m i .
From this picture we can conclude that the perturbative QCD effects dominate in the short range region so that the flavor dependency of the potential can be
On the other hand, if we take account of the spin dependent color-magnet interaction, they are of course flavor dependent. Such interaction modifies the potential only in the very short range region (∼ δ(r)), but we consider here the spin independent potential by removing such spin dependent effects.
found also for the improved potentials around the critical region. It is noted that the non-perturbative effects can be included in our string picture almost correctly; a linear potential can be directly derived from this QCD like model.
Conclusion
In our picture the origin of generation is attributed to the flavor branes. Those flavor branes are separately allocated perpendicular to the direction of the extra dimension u, which causes quite different energies for the meson strings, depending on the flavors.
Based on the above picture we have explored general formulations of the QCDlike string model and have obtained classical solutions of meson strings. In this QCD like model it is automatically that quark-antiquark potential is universal and independent of their flavors. This is consistent with the observed data of the meson spectroscopy in the large separation limit. If a quark-antiquark pair comes closer, however, their interaction becomes flavor dependent. As a most characteristic feature of our model, we have found that the attractive interaction becomes stronger for larger distance between the branes of a quark and an antiquark depending on the difference of their flavors, especially in the middle region around critical separation around r ∼ r c . If the end points of a string are on the same brane, there is no critical distance r c . We expect that our flavor dependent potential may be observed in flavored mesons whose end points lie on different branes. In order to check the above result the information of quark-antiquark potential whose end points live on different flavor branes. We hope that detailed analysis of hadron spectroscopy, especially for hadrons including different flavors will make clear definitely whether or not our prediction is consistent with realistic QCD system [9] .
The general formulae which we have used in this paper is also applicable to the more complicated shapes of hadron strings, because the differential equation Eq. (14) is also applicable to various types of hadron strings, baryon strings, or more complicated web-like exotic hadronic strings having junctions. One of the examples of such hadrons is the pentaquarks which we have investigated in the previous paper[1] * * . In this respect, the string picture may suggest a new concept * * Actually the observation of pentaquarks motivated us to draw the above mentioned picture of flavor branes. It is found that most of the experiments on multi-quark states have not been confirmed yet or disappeared with an exception of Θ + which was first observed in Spring 8 [12] .
that "color and flavor are located at the endpoints of a string, but the spin, on the other hand, may be distributed over a whole string. If our picture on the origin of flavor works well, it may give a new insight into hadron physics.If our interpretation of flavor in terms of flavor branes has some importance, the multi-quark states including quarks of 2nd or 3rd generations, may be packed in a more compact way, that is, if the distance between a quarks and an antiquark with different flavors becomes shorter than the critical length r c , their interaction becomes stronger and the density of the multi-quark system would be higher. Then, a variety of high density nuclear matters arise when including different flavors, which may be realized as a kind of crystal connecting quarks each other by junctions and by strings [14] . This may be an indication of the existence of hadron states including strangeness with high density. It might be related to the recent observation of so-calledK nucleon clusters, where they have high nucleon density at the center, namely 4-9 times higher than normal nuclear density ( ρ = 0.17 f m −1 ) [13] . Finally, our interpretation of flavors may not be irrelevant to the more speculative conjecture for the existence of Pasta phase of highly dense matter, appearing in the initial stage of supernova explosions [15] .
Lots of problems are left to be solved; We ignored the effects of spin, and so we cannot say definitely which meson, pseudoscalar mesons or vector mesons, corresponds to the string we have studied. The hyperfine interaction and parity should be taken into account in the string picture of hadrons. Recently studies of low energy QCD based on the AdS/CFT correspondence have been investigated by many authors; a holographic dual of QCD with massless flavors are intensively studied by T. Sakai and S. Sugimoto [16] , who have made clear the mechanism of chiral symmetry breakdown with this framework and also derived the ChernSimons term which explains baryon states as skyrmions. An interesting fact is that the model is closely related to the hidden local symmetry approach [17] , yielding nice relations of low energy hadron phenomenology. Although the model beautifully expresses the mechanism of chiral symmetry breaking and spin structure of the system, the flavor structure with non-vanishing quark masses is not well implemented. In this sense our model may be an complimentary approach. We hope that full understanding of non-perturbative QCD may be attained and to grasp a hint of the origin of flavor.
Even though, we expect that quark-systems may have much variety of exotic hadrons to yield multi-quark systems including pentaquarks in addition to ordinary mesons and baryons.
